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A relativistic toy model for back-reaction
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(August 7, 2018)
We consider a quantized massless and minimally coupled scalar field on a circular closed string with
a time-dependent radius R(t), whose undisturbed dynamics is governed by the Nambu-Goto action.
Within the semi-classical treatment, the back-reaction of the quantum field onto the string dynamics
is taken into account in terms of the renormalized expectation value of the energy-momentum tensor
including the trace anomaly. The results indicate that the back-reaction could prevent the collapse
of the circle R ↓ 0 – however, the semi-classical picture fails to describe the string dynamics at the
turning point (i.e., possible bounce) at finite values of R and R˙. The fate of the closed string after
that point (e.g., oscillation or eternal acceleration) cannot be determined within the semi-classical
picture and thus probably requires the full quantum treatment.
PACS: 04.62.+v, 03.70.+k, 11.15.Kc, 04.60.-m.
I. INTRODUCTION
Without knowledge of the underlying theory including
quantum gravity the back-reaction of quantum fields onto
the geometry is usually described by the semi-classical
Einstein equations
Rµν − 1
2
gµν R = −κ 〈Tˆµν〉ren . (1)
Although intrinsically incomplete, this semi-classical ap-
proach might – after proper renormalization of 〈Tˆµν〉ren
is employed – shed light onto the following questions:
• Could the back-reaction of quantum fields prevent
the collapse (i.e., singularity) of the space-time?
• Under which circumstances does the semi-classical
picture apply and when does it fail?
As a model for gauge field theories (vector Aµ and
spinor Ψ fields) in a 3+1 dimensional gravitational back-
ground we shall consider the also conformally invari-
ant theory of a massless and minimally coupled scalar
field Φ in 1+1 dimensions. Since the Einstein tensor
Rµν − gµν R/2 vanishes identically in 1+1 dimensions,
one has to start with an alternative geometric action lead-
ing to a preferably simple dynamics which still preserves
major aspects such as relativistic invariance as well as
generic features of higher-dimensional space-times.
II. TOY MODEL
Let us consider a 1+1 dimensional string whose dy-
namics is governed by the Nambu-Goto action [1]
Astring = −σ
2
∫
d2x
√−g , (2)
with σ denoting the string tension. For simplicity we
shall assume rotational symmetry, i.e., a circular closed
string characterized by its time-dependent radius R as
the only degree of freedom of the geometry. Adopting
the usual time-gauge (see, e.g. [1,2]), the induced metric
reads (~ = c = 1 throughout)
ds2 =
[
1− (∂tR)2
]
dt2 −R2dϕ2 , (3)
where t is the ”laboratory” time and ϕ the angular coor-
dinate. As one can immediately see, the action in Eq. (2)
is fully relativistic (in contrast to any ad hoc kinetic terms
like R˙2 = (∂tR)
2).
Left alone – i.e., without additional forces – the free
dynamics of the circle governed by δAstring/δR = 0, i.e.,
RR¨+ (1− R˙2) = 0 , (4)
with the initial conditions R(0) = R0, R˙(0) = 0, for
example, leads to a collapse R ↓ 0 and R˙ ↑ 1 (i.e., a sin-
gularity) after a finite time caused by the string tension
σ > 0.
Let us consider this circle (time-dependent background
metric) being endowed with a real scalar field Φ such that
the total action reads (see, e.g., [3])
A =
1
2
∫
d2x
√−g (∂µΦ ∂µΦ− σ) . (5)
The (classical) equations of motion for R(t) can be de-
rived by variation δA/δR = 0
√
1− R˙2
[σ
2
+ T 11
]
+
d
dt
[
RR˙√
1− R˙2
(σ
2
+ T 00
)]
= 0 ,
(6)
with the energy-momentum tensor of the scalar field
Tµν = ∂µΦ ∂νΦ− 1
2
gµν∂ρΦ ∂
ρΦ . (7)
The equation of motion for scalar field δA/δΦ = 0 follows
as
✷Φ =
1√−g ∂µ
(√−g gµν ∂ν Φ) = 0 , (8)
1
where ✷ denotes the d’Alembertian with respect to the
metric in Eq. (3).
The first integral of the equations of motion (6) and
✷Φ = 0 corresponds to the (conserved) total energy
E =
2π R√
1− R˙2
[σ
2
+ T 00
]
. (9)
III. CLASSICAL CASE
For calculating the dynamics of the field Φ it is conve-
nient to introduce another time coordinate via the trans-
formation
τ =
∫
dt
√
1− (∂tR)2
R(t)
, (10)
leading to conformally flat metric
ds2 = R2(τ)[dτ2 − dϕ2] . (11)
Note that the insertion of this metric into the Nambu-
Goto action in Eq. (2) does not yield the same equa-
tions of motion for R(t) since Eq. (10) represents a non-
algebraic transformation.
Let us first consider the classical back-reaction of a
spatially homogeneous field ∂Φ/∂ϕ = 0 as a solution of
the field equation ✷Φ = ∂2Φ/∂τ2 = 0 which simply reads
Φ = CΦτ leading to the kinetic term
Φ˙2 = C2Φ
1− R˙2
R2
, (12)
with respect to the time t. Insertion into the total energy
in Eq. (9) yields
E =
2π R√
1− R˙2
[
σ
2
+
1
2
C2Φ
R2
]
. (13)
Since this energy becomes arbitrarily large for both, R ↓
0 and R ↑ ∞ (as well as for R˙2 ↑ 1) the presence of this
(classical) scalar field solution prevents the collapse R ↓ 0
for CΦ 6= 0. The dynamics is governed by
RR¨
[
R2 +R2E
]
+ (1− R˙2) [R2 −R2E] = 0 , (14)
with R2E = C
2
Φ/σ > 0 denoting the square of the radius
which minimizes the energy in Eq. (13) for R˙ = 0. Initial
conditions R(t = 0) 6= RE or R˙(t = 0) 6= 0 lead to
an eternal oscillation between Rmin > 0 and Rmax with
Rmin < RE < Rmax whereas for R(t = 0) = RE and
R˙(t = 0) = 0, the ring remains static forever.
However, it should be emphasized here that a spatially
homogeneous solution such as ∂Φ/∂ϕ = 0 – which is also
called a zero-mode – does usually not exist in higher-
dimensional situations with vector fields, for example (see
also the next Section). On the other hand, one would
obtain the same result for a thermal bath of the Φ-field
with 〈E〉β representing the (classical) ensemble average
of the energy for the inverse temperature β. The calcu-
lation of 〈T 00 〉β may proceed in basically the same way
as the derivation starting from Eq. (21) below, provided
that one neglects all quantum effects such as the trace
anomaly.
As we shall see in the next Section, the Casimir effect
contributes to the total energy in the same way, but with
a negative sign. Therefore, the above (classical) contri-
bution and the induced stabilization of the string can
be negated by the (quantum) Casimir effect, in partic-
ular since the amplitude of the field or the temperature
can decrease – whereas the Casimir effect remains. This
observation motivates the consideration of the quantum
field effects.
IV. RENORMALIZATION OF 〈Tˆµν〉 AND TRACE
ANOMALY
In order to investigate the back-reaction of the quan-
tum field Φˆ in analogy to the semi-classical Einstein equa-
tions (1), we have to calculate the renormalized expecta-
tion value of the energy-momentum tensor and insert it
into the equation of motion (6) for R(t). In both cases,
the renormalization of 〈Tˆµν〉, i.e., the absorption of the
divergences, requires a redefinition of the involved cou-
pling constants – the cosmological constant Λ and New-
ton’s constant κ in gravity, and the string tension σ in
our model.
Adopting the point-splitting renormalization proce-
dure, we need the two-point function W . Fortunately,
a massless and minimally coupled scalar field in 1+1
dimensions is conformally invariant and hence the two-
point function of the conformal vacuum (see, e.g., [4]) in
terms of the conformal coordinates in Eq. (11) has the
same for as in flat space-time (R = const)
〈Φˆ(τ, ϕ)Φˆ(τ ′, ϕ′)〉 =W (τ − τ ′, ϕ− ϕ′) . (15)
In the coincidence limit, i.e., for τ → τ ′ and ϕ→ ϕ′, the
Wightman functionW behaves as ln[(τ−τ ′)2−(ϕ−ϕ′)2].
Note thatW is only determined up to an additive con-
stant – in the usual 1+1 dimensional space-time R × R,
this fact reflects the infra-red problem (in 1+1 dimen-
sions); and, in our case R× S1, this undetermined addi-
tive constant corresponds to the zero mode ∂Φ/∂ϕ = 0.
However, zero modes do not have a zero-point energy
(the energy spectrum reaches zero) and decouple from
the rest of the modes (in our situation). Therefore, we
omit those modes and the related problems with their
quantization in the following.
In any covariant regularization method in 1+1 dimen-
sions (where only one principal divergence exists), for
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example point splitting after omitting direction depen-
dent terms, the regularized (but not yet renormalized)
expectation value reads (see also Appendix A)
〈Tˆµν〉bare = 1
ǫ
gµν + 〈Tˆµν〉ren , (16)
where ǫ → 0 is the regularization parameter (e.g., the
geodesic distance in point-splitting) and the remaining
〈Tˆµν〉ren is finite.
In the expressions for the energy (9) as well as the
equations of motion (6), the above divergence can be
completely absorbed by a renormalization of string ten-
sion via
σbare = −2
ǫ
+ σren . (17)
The question of whether σren can acquire any dependence
on R or R˙ via the renormalization procedure (roughly
similar to the running coupling in QED, for example)
will be answered below.
Owing to the conformal invariance of the scalar field,
the two-point function of the conformal vacuum can be
calculated easily in the conformal metric, for example for
a single scalar field with periodic boundary conditions we
obtain
〈∂ϕΦˆ(τ, ϕ)∂ϕ′Φˆ(τ, ϕ′)〉 = 〈∂ϕΦˆ(t, ϕ)∂ϕ′ Φˆ(t, ϕ′)〉 =
=
1
4π
1
cos(ϕ− ϕ′)− 1 . (18)
By means of this example, one can read off the symme-
tries ϕ → ϕ + ϕ0 and ϕ → −ϕ which reflect the ho-
mogeneity and Z2-isotropy of the underlying space-time.
These symmetries of the vacuum state and the geometry
are inherited by the (renormalized) expectation value of
the energy-momentum tensor (see, e.g., [5,4])
〈Tˆ 10 〉ren = 〈Tˆ 01 〉ren = 0 , (19)
i.e., no flux, as well as
∂ϕ〈Tˆ µν 〉ren = 0 . (20)
Furthermore, one has to demand that the renormal-
ization procedure of 〈Tˆ µν 〉ren respects the property of a
vanishing covariant divergence (see also Appendix A)
∇µ〈Tˆ µν 〉ren = 0 ❀
∂µ
(√−g 〈Tˆ µν 〉ren) = √−g2 〈Tˆαβ〉ren∂νgαβ . (21)
As it is well known [5], one has to give up the classical
feature T ρρ = 0 in this process, i.e., 〈Tˆ µν 〉ren acquires an
anomalous trace during the renormalization
〈Tˆ µµ 〉ren = CtrR , (22)
with Ctr denoting a constant related to the central charge.
In 1+1 dimensions, the trace anomaly is completely de-
termined by the Ricci scalar (see, e.g., [5,4])
R = 2 R¨
R(1− R˙2)2 = 2
RR′′ − (R′)2
R4
, (23)
with R˙ = dR/dt and R′ = dR/dτ , respectively.
Similar to the calculation of the Hawking radiation in
1+1 dimensions [5] via the trace anomaly, we can inte-
grate Eq. (21) with the proper boundary/initial condi-
tions and symmetries. The case ν = 1 in Eq. (21) is
trivial and in the remaining equation with ν = 0 – when
expressed in terms of the conformal metric – the trace
anomaly acts somewhat similar to a source
∂τ (R
2〈Tˆ 00 〉ren) = 2
RR′R′′ − (R′)3
R3
Ctr . (24)
The conformal invariance of the scalar field in 1+1 dimen-
sions leading to the absence of particle creation (confor-
mal vacuum) manifests itself in the fact that the r.h.s. of
the above equation is a total differential∗. Thus integrat-
ing Eq. (24) yields
〈Tˆ 00 〉ren = Ctr
(R′)2
R4
+ CCas
1
R2
, (25)
where CCas is a priori an integration constant. How-
ever, if we consider a static circle R = const, the only
contribution to the vacuum energy is the Casimir effect
induced by the compactness of the space (S1). In this
case CCas/R
2 is just the Casimir energy density which
allows us to determine the constant CCas and we keep
this nomenclature also for the general time-dependent
situation R′ 6= 0.
Transforming back to the laboratory time we obtain
(note that τ = τ(t) → t and hence T 00 → T 00 )
〈Tˆ 00 〉ren =
1
R2
[
R˙2
1− R˙2 Ctr + CCas
]
. (26)
The remaining non-trivial component 〈Tˆ 11 〉ren can be de-
termined via the trace anomaly
〈Tˆ 11 〉ren = 2 Ctr
R¨
R(1− R˙2)2 − 〈Tˆ
0
0 〉ren . (27)
∗If particles were created, the energy density 〈Tˆ 00 〉ren would
depend on the history of the space-time and not just on the
values R(t) and R˙(t) etc., at present.
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V. BACK-REACTION
At this stage we are in the position to calculate the
back-reaction in analogy to the semi-classical Einstein
equations by inserting the renormalized expectation val-
ues of the energy-momentum tensor T µν → 〈Tˆ µν 〉ren in
Eqs. (26) and (27) into the equation of motion (6)
RR¨
(
σren
2
R2 + CCas +
2 + R˙2
1− R˙2 Ctr
)
+
+(1− R˙2)
(σren
2
R2 − CCas
)
− R˙2Ctr = 0 . (28)
The consistency of the above equation – assuming a con-
stant σren – with the conservation of the total (renormal-
ized) energy of the system
E =
2π R√
1− R˙2
(σren
2
+ 〈Tˆ 00 〉ren
)
=
2π R√
1− R˙2
×
×
(
σren
2
+
1
R2
[
R˙2
1− R˙2 Ctr + CCas
])
, (29)
can be considered as a cross-check that σren does not ac-
quire any non-trivial dependence on R(t) or R˙(t) during
the renormalization procedure (see also Appendix A).
It turns out that the above equation of motion (28)
can be derived from the following effective Lagrangian
Leff = 2π
√
1− R˙2
R
(
−σrenR
2
2
− CCas + CtrR˙
2
1− R˙2
)
, (30)
and that the total (renormalized) energy in Eq. (29) is
just the associated Hamiltonian E = H = PeffR˙− Leff .
As for any conservative system, possible trajectories
R(t) can be inferred from the energy landscape according
to Eq. (29), see Fig. 1. To this end we have to specify
the constants Ctr and CCas. For the example of a single
scalar field with periodic boundary conditions we have
Ctr = − 1
24π
, CCas = −π
6
. (31)
For multiple scalar fields and/or possibly different bound-
ary conditions one would obtain other values. Neverthe-
less, both contributions remain always negative Ctr < 0
and CCas < 0. In this situation one can infer from the
qualitative behavior of the energy landscape in Figs. 1
and 2 that a trajectory R(t) corresponding to a positive
energy E > 0 does never reach R = 0 and also cannot
approach R˙ = 1 for finite R. I.e., we avoid the collapse
to a singularity R = 0 – provided that the semi-classical
treatment does not break down completely (cf. the next
Section).
FIG. 1. Energy landscape (in arbitrary units) with σ = 20
and Ctr = CCas = −1, which has been cut off at negative
energies for convenience. As one can easily perceive, a cir-
cle with a positive (initial) energy can never collapse – i.e.,
reach R = 0 – unless it leaves the region of validity of the
semi-classical picture.
FIG. 2. Energy landscape with the same values for σ = 20
and Ctr = −1, but no Casimir effect CCas = 0. Hence the
Casimir effect is not substantial for preventing the collapse to
R = 0.
VI. BOUNCE
It turns out to be very interesting to discuss possi-
ble trajectories R(t) in more detail. Let us assume that
we start with a circle with a large initial radius R(t =
0) = R0 and a vanishing initial velocity R˙(t = 0) = 0 –
where the quantum effects are negligible. In the energy
landscape in Fig. 1, this corresponds to the region in
the middle (around the axis R˙ = 0) high up the moun-
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tain. Starting in normal region with R(t = 0) = R0,
the radius begins to shrink R˙ < 0 and the negative ve-
locity gradually increases in magnitude. After a while,
i.e., for a sufficiently large velocity (and, correspondingly,
small radius), quantum effects become important. Fi-
nally, the trajectory reaches the ridge, where the radius
R cannot decrease anymore. Therefore, the velocity R˙
should change its sign – i.e., the trajectory R(t) should
turn around. But these two ridges correspond to finite
velocities R˙ – one positive and the other negative – such
that a change in the sign is only possible by jumping
from one ridge to the other (corresponding to the same
values of R, |R˙|, and E). Obviously this requires a di-
verging R¨ and seems to be a very strange property of the
semi-classical system.
Nevertheless, it turns out that such a strange property
is a necessary consequence of the weird features of the
energy landscape in Fig. 1. The energy E(R, R˙) equals
the Hamiltonian H(R,P ) derived from the effective La-
grangian L(R, R˙) in Eq. (30). For a given and fixed ra-
dius R, there are three values of R˙ for which(
∂E
∂R˙
)
R
= 0 , (32)
the usual R˙ = 0 (in the middle, i.e., the normal region)
and two anomalous points (on the two ridges) where R˙ 6=
0. In view of the Hamilton equation
R˙ =
(
∂H
∂P
)
R
=
(
∂H
∂R˙
)
R
(
∂R˙
∂P
)
R
, (33)
for these two anomalous points where R˙ 6= 0, we must
have (
∂P
∂R˙
)
R
=
(
∂2L
∂R˙2
)
R
= 0 . (34)
I.e., the ridges are critical points where the Euler-
Lagrange equation(
∂L
∂R
)
R˙
=
d
dt
(
∂L
∂R˙
)
R
= R¨
(
∂2L
∂R˙2
)
R
+ R˙
∂2L
∂R∂R˙
, (35)
cannot determine R¨ anymore, i.e., R¨ diverges. Indeed,
the pre-factor in front of the R¨-term in the equation of
motion (6) goes to zero at these critical points.
Since R¨ approaches infinity there – whereas R˙ and R
remain finite – the Ricci scalar diverges at the ridges, i.e.,
these critical points still represent a curvature singularity.
FIG. 3. Energy landscape for the classical case, i.e.,
Ctr = CCas = 0. All trajectories corresponding to some (pos-
itive) energy inevitably lead to R ↓ 0 and R˙ ↓ −1, i.e., the
circle collapses.
FIG. 4. Energy landscape for Ctr = 0 and CCas = −1. In
this rather artificial set-up the trajectories reach the boundary
|R˙| = 1 at a finite radius R > 0.
VII. CONCLUSIONS
Let us compare three scenarios:
• Without any back-reaction (cf. Fig. 3), the string
collapses to R = 0 and R˙ = 1 after a finite labo-
ratory time – i.e., the metric, the action and the
Ricci scalar become singular.
• With purely classical back-reaction (e.g., a ther-
mal bath) all of these singularities are avoided and
the string oscillates smoothly forever. However,
the Casimir effect generates the same contribution
– but with the opposite sign – and can therefore
negate this effect.
5
• If we take into account the Casimir effect only –
which is rather artificial – the string reaches R˙ =
1 and hence develops a singularity of the metric,
the action and the Ricci scalar, respectively, after
a finite laboratory time and at a finite radius R > 0
(cf. Fig. 4).
• Calculating the full expectation value 〈Tˆ µν 〉ren in the
conformal vacuum – including the trace anomaly –
we find again that circle reaches the critical point
after a finite laboratory time, cf. Fig. 1. However,
such a critical point is characterized by a singular
acceleration R¨ and hence Ricci scalar only – while
the radius R > 0, the velocity R˙ < 1, and hence
both, the action as well as the metric remain regu-
lar.
We observe that the back-reaction of the quantum field Φˆ
prevents the strong singularity of the first scenario, but
still generates a weaker singularity. At this critical point
(i.e., the ridge in the energy landscape) the pre-factor
in front of R¨ obtained via the semi-classical treatment
vanishes. It appears natural to expect that the quantum
back-reaction beyond the semi-classic picture will become
important in the vicinity of this point.
It is evident that the semi-classical treatment of the
back-reaction problem has clear problems, cf. [6]. The
major point is that the semi-classical Einstein equations
– and similarly Eq. (28) – imply the neglect of all quan-
tum fluctuations by considering the expectation value
〈Tˆµν〉ren only. This approximation is justified if the fluc-
tuations are sufficiently small, i.e., as long as conditions
such as
〈Tˆ 2µν〉ren
?≈ 〈Tˆµν〉2ren , (36)
hold. Assuming the validity of the renormalization proce-
dure such as point-splitting – e.g., that all allowed quan-
tum states satisfy the Hadamard condition – the trace-
anomaly is independent of the quantum state and hence
a c-number. Ergo, for this particular quantity one would
expect the semi-classical treatment to work. However,
the equations of motion do not only contain 〈Tˆ µµ 〉ren, but
also 〈Tˆ 00 〉ren etc. As the derivation of these quantities
is more involved and includes other contributions (e.g.,
〈Tˆ 201〉ren) as well as a time-integration, it is not clear that
the entanglement between Tˆµν and the corresponding op-
erator R̂ can be omitted, for example
〈TˆµνR̂〉ren ?≈ 〈Tˆµν〉ren〈R̂〉ren . (37)
In summary, the semi-classical theory suggests its own
demise by predicting a trajectory R(t) which is not con-
tinuously differentiable (R¨ diverges) and hence a curva-
ture singularity. As a result the fate of the circle after
the bounce remains unclear in the sense that it cannot
be determined within the semi-classical picture without
additional arguments. Assuming that the circle re-enters
the region of validity of the semi-classical theory after the
bounce, there are two possibilities. After jumping from
one ridge to the other, the trajectory could turn around
and continue towards the normal regime in the middle
again (R˙ decreases). In this case, the circle would per-
form an eternal oscillation. Alternatively, the trajectory
could turn to the edge and enter the anomalous regime.
In this situation, the velocity would increase forever and
asymptotically reach the speed of light. These run-away
solutions are somewhat similar to a trace anomaly in-
duced inflation in 3+1 dimensional gravity. Interestingly,
the trace anomaly of both, a scalar field in 1+1 dimen-
sions on the one hand and that of, say, a vector field in
3+1 dimensional gravity on the other hand are such that
they prevent the collapse to a metric singularity R = 0
and admit run-away solutions. (The Casimir effect is not
substantial in that respect, cf. Fig. 2.)
VIII. OUTLOOK
As it became evident from the previous discussions, a
more exhaustive analysis would require the investigation
of the full quantum back-reaction. At a first glance, one
could expect that this is provided by quantizing the ef-
fective action (30) for the geometric sector, cf. Eq. (46)
below, after integrating out the field Φˆ. However, it is by
no means clear that such an approach is indeed equivalent
to a full quantization of the (geometric) string degrees of
freedom interacting with the quantum field. In view of
the non-trivial relation between the canonically conju-
gated momentum P and the velocity R˙ as well as the oc-
currence of anomalies and the associated non-linearities,
a rigorous treatment is apparently rather involved. Fur-
thermore, an ab initio quantization has to account for
non-spherical geometries, i.e., deviations from the rota-
tional symmetry, since the monopole mode inherently
couples to higher multipole modes and their quantum
fluctuations – in contrast to the semi-classical case con-
sidered above.
IX. NEGATIVE ENERGIES AND STABILITY
One might ask whether the breakdown of the semi-
classical treatment for the toy model under consideration
is just an artifact caused by the special features of this
1+1 dimensional model or whether it represents a generic
property also for 3+1 dimensional gravity (plus quantum
fields). Even though this question cannot be addressed
completely without solving the full (3+1 dimensional)
scenario, one can compare characteristic features of both
systems (at the semiclassical level).
For the classical string (without quantum fields) as de-
scribed by the Nambu-Goto action, the (conserved) en-
6
ergy is positive E = πσR/
√
1− R˙2. Nevertheless, the
equation of motion admits singular solutions (collapse to
R = 0) in close analogy to classical gravity (cf. the sin-
gularity theorems).
Owing to the trace anomaly and the Casimir effect, the
renormalized energy of the quantum field (in the back-
ground of the string) is negative in the vacuum state.
However, that does not imply that the vacuum state of
the quantum field itself (in the semiclassical treatment)
is unstable. After a normal mode expansion
Φˆ(τ, ϕ) =
∞∑
m=0
Qˆ(c)m (τ) cos(mϕ) +
∞∑
m=1
Qˆ(s)m (τ) sin(mϕ) ,
(38)
the Hamiltonian decouples and is positive for each mode
HˆτΦ =
∞∑
m=0
∑
ξ=(c,s)
(
Pˆ 2m,ξ +m
2Qˆ2m,ξ
)
. (39)
Apart from the zero mode m = 0, all field modes pos-
sess a unique ground state – but even for the zero mode,
the quantum evolution is not unstable. In summary, the
dynamics of the quantum field itself [in the semiclassi-
cal treatment, i.e., for a fixed trajectory R(τ)] does not
display any instabilities. The stability of the full theory
(string plus field), however, lies outside the scope of the
present investigations (i.e., is still unclear) in view of the
breakdown of the semiclassical treatment.
The negative (renormalized) energy of the quantum
field cannot be attributed to single modes. Instead, being
similar to vacuum polarization effects, it is a consequence
of the renormalization procedure. This is a generic fea-
ture of quantum fields in curved space-times and occurs
in the 3+1 dimensional scenario as well.
In view of the above similarities, one might conjecture
that the results found for the 1+1 dimensional toy model
– i.e., the breakdown of the semiclassical treatment and
a possible bounce caused by the trace anomaly – are not
just artifacts of this toy model but shed some light on
the 3+1 dimensional situation as well.
APPENDIX A: RENORMALIZATION
Starting form the obvious condition that the (renor-
malized) energy-momentum tensor of the total system
(quantum field plus string) is conserved with respect to
the (flat) 2+1 dimensional embedding space-time
∂AT
AB
total = 0 (40)
one can show the compatibility of the two conditions
∇µ〈Tˆ µν 〉ren = 0 ↔ σren = const , (41)
for the renormalized energy-momentum tensor of the
quantum field and the string tension, respectively.
As a consequence of Eq. (38), the argument works in
both directions: Demanding ∇µ〈Tˆ µν 〉ren = 0 in order to
ensure energy conservation of the quantum field sepa-
rately in the presence of a Killing vector ξ of the in-
duced metric, one deduces σren = const. Conversely, one
may start with the assumption σren = const and derive
∇µ〈Tˆ µν 〉ren = 0 from ∂ATABtotal = 0.
Since the decomposition of the total energy-
momentum tensor TABtotal into the contributions of the
quantum field and the string is not unique, one can even
impose alternative renormalization conditions. When
renormalizing 〈Tˆ µν 〉, its divergent part has to be ab-
sorbed into σ, while the finite part of the counter-term
remains undetermined. Here we have employed a ”min-
imal subtraction scheme”, cf. Eqs. (16) and (17). As
an alternative renormalization scheme, for example, one
may impose the condition that the trace still vanishes
〈Tˆ µµ 〉ren = 0 and abandon the property ∇µ〈Tˆ µν 〉ren = 0
instead. Such a renormalization procedure could be en-
visaged as a ”non-minimal subtraction scheme”. Instead
of employing Eq. (16) we could split up 〈Tˆµν〉bare via
〈Tˆµν〉bare = 1
ǫ
gµν +
1
2
CtrR gµν +˜〈Tˆµν〉ren , (42)
with
˜〈Tˆ µµ 〉ren = 0 ❀ ∇µ˜〈Tˆ µν 〉ren 6= 0 , (43)
and, consequently,
σbare = −2
ǫ
− CtrR+ σ˜ren . (44)
Within this alternative renormalization scheme σ˜ren de-
pends on the geometry
σ˜ren = σ˜ren(R, R˙, R¨) , (45)
while the equation of motion for R(t) and the total en-
ergy remain the same within both schemes. Such a non-
minimal subtraction scheme employed for renormaliza-
tion of the of the quantum-field sector provides the pos-
sibility of inducing a space-time dependence of character-
istic parameters (here simply the string tension) of the
classical (geometric) sector.
APPENDIX B: EFFECTIVE ACTION
Instead of using the equations of motion, one could
investigate the back-reaction by means of the effective
action, cf. [7] and also [8]. In 1+1 dimensions, the trace
anomaly can be deduced from the Liouville-Polyakov ef-
fective action [9]
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Aeff =
1
96π
∫
d2x
√−gR✷−1R . (46)
In view of the inverse of the d’Alembert operator ✷−1,
this expression appears to be non-local, but inserting the
value for the Ricci scalar in terms of the conformal co-
ordinates, for example, it turns out that it is in fact,
effectively local (no particle creation), and agrees with
the term proportional to Ctr in the effective Lagrangian
in Eq. (30) after a coordinate transformation to the lab-
oratory time.
However, in this na¨ıve treatment the Casimir term is
missing and thus requires additional considerations. This
already illustrates a potential danger of the effective ac-
tion method – the fact the total effective Lagrangian is
just as a sum of the terms proportional to Ctr and the
(static) Casimir effect (in addition to the classical terms)
is not a priori obvious.
In order to compare our calculation with the results of
Ref. [7], a few remarks are in order:
• Switching to the Euklidean signature – as done in
Ref. [7] – is a well-defined procedure for the calcu-
lation of the static Casimir energy, but not for gen-
eral time-dependent systems. Hence the derivation
of the main result as a sum of the two contributions
is somewhat ad hoc.
• Contrary to the claims in Ref. [7], the scenario un-
der consideration does not exhibit the dynamical
Casimir effect (in the sense of particle creation) due
to the conformal invariance.
• Furthermore, Ref. [7] uses a non-relativistic kinetic
term (introduced by hand). Therefore, the results
can be compared with ours in the adiabatic regime
R˙≪ 1 only.
In addition to the problems mentioned in Ref. [10],
for example, a conclusive discussion of a possible non-
trivial dependence of the renormalized string tension
σren(R, R˙, . . .) in dependence of the renormalization
scheme (see Appendix A) by means of the effective action
is not obvious.
Having in mind the various potential difficulties of the
effective action method indicated above, we would like
to emphasize that, in contrast to this approach, the cal-
culations based on the renormalized expectation values
of the energy-momentum tensor 〈Tˆµν〉ren together with
employing the equations of motion, are apparently less
ambiguous and more evident.
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